Abstract. A C k -move is a local move that involves (k + 1) strands of a link. A C k -move is called a C d k -move if these (k + 1) strands belong to mutually distinct components of a link. Since a C d k -move preserves all k-component sublinks of a link, we consider the converse implication: are two links with common k-component sublinks related by a sequence of C d k -moves? We show that the answer is yes under certain assumptions, and provide explicit counter-examples for more general situations. In particular, we consider (n, k)-Brunnian links, i.e. n-component links whose k-component sublinks are all trivial. We show that such links can be deformed into a trivial link by C d k -moves, thus generalizing a result of Habiro and Miyazawa-Yasuhara, and deduce some results on finite type invariants of (n, k)-Brunnian links.
Introduction
Habiro [4] and Goussarov [3] introduced independently the notion of C k -move, which is a local move that involves k+1 strands of a link as illustrated in Figure 1 .1. A C 1 -move is just a crossing change. Alternatively, a C k -move can be defined in terms of "insertion" of elements of the kth term of the lower central series of the pure braid group [15] . In particular, if all k+1 strands involved in a C k -move belong to pairwise distinct components, we call it a C d k -move. The C k -move (resp. C Since any link is C d 1 -equivalent to a completely split link, the answer is obviously yes for k = 1. Hence we may assume that k ≥ 2.
Ck-move
The question can also be given a positive answer for a special class of links. An (n, k)-Brunnian link is an n-component link whose k-component sublinks are trivial [12] . In particular, if n = k + 1, then it is a Brunnian link in the usual sense. [5, 10] . This fact is the key ingredient in further works on finite type invariants of Brunnian links [5, 6, 7] . These results generalize in a straightforward way to (n, k)-Brunnian links, see Appendix A.
For k = 2, we have a more general statement as follows. The rest of the paper is organized as follows. In Section 2, we review some elements of the theory of claspers. We prove Theorem 1.1, Theorem 1.2 and Proposition 1.3 in Sections 3, 4 and 5 respectively. The paper is concluded by several straightforward extensions of known results on Brunnian links to (n, k)-Brunnian links, see Appendix A.
Claspers
We now recall several notions from clasper theory for links [4] . In this paper, we only need the notion of tree claspers. For a general definition, we refer the reader to [4] .
Let L be a link in S
3 . An embedded disk F in S 3 is called a tree clasper for L if it satisfies the three following conditions: (1) F is decomposed into disks and bands, called edges, each of which connects two distinct disks. A tree clasper is simple if each leaf intersects L at one point. In the following, we will implicitely assume that all tree claspers are simple.
The degree of a tree clasper is the number of the leaves minus 1. A degree k tree clasper is called a C k -tree (or a C k -clasper).
Given a C k -tree T for a link L, there is a procedure to construct a framed link γ(T ) in a regular neighborhood of T . Surgery along T means surgery along γ(T ). Since there exists an orientation-preserving homeomorphism, fixing the boundary, from the regular neighborhood N (T ) of T to the manifold N (T ) T obtained from N (T ) by surgery along T , surgery along the C k -tree T can be regarded as a local move on L. We say that the resulting link L T is obtained from L by surgery along T . In particular, surgery along a C k -tree illustrated in Figure 2 .1 is equivalent to band-summing a copy of the (k + 1)-component Milnor link (see [9, Fig. 7 ]), and is equivalent to a C k -move as defined in the introduction (Figure 1.1) . Similarly, for a disjoint union T 1 ∪ · · · ∪ T m of tree claspers for L, we can define L T1∪···∪Tm as the link obtained by surgery along
It is known that the C k -equivalence as defined in Section 1 coincides with the equivalence relation on links generated by surgery along C k -trees and ambient isotopy [4, Thm. 3.17] .
Let
and is denoted by index(T ).
A Lemma 2.3. Let T be a C k -tree for a link L, and let T ′ (resp. T ′′ ) be obtained from T by changing a crossing of an edge of T and the ith component of L (resp. an edge of a
, and the C k+1 -equivalence is realized by surgery along C k+1 -trees with index index(T ) ∪ {i}.
Proof of Theorem 1.1
As noted in the introduction, the 'if' part of the statement is obvious, so we only need to prove the 'only if' part.
Let 
Proof of Theorem 1.2
The 'if' part of the statement is obvious, so we only need to prove the 'only if' part.
Let L be an n-component link with trivial components. By [8] , there is a diagram of L in R 2 × {0} such that each component has no self crossing. For our purpose, it is convenient to further assume that this diagram contains crossings between the ith and jth components for each pair of distinct integers i, j in {1, ..., n} (this is of course possible by a sequence of Reidemeister moves).
By a sequence of crossing changes, we can deform L into the trivial link O = O 1 ∪ · · · ∪ O n such that O i lies in R 2 × {i} (i = 1, ..., n) and the projections of L and O coincide. Hence, for each pair of distinct integers i < j in {1, ..., n}, there is a disjoint union F ij of C 
Notice that this ambient isotopy can be performed in a regular neighborhood of
by a sequence of moves of the following three types: (i) leaf sliding (see Figure 2. 2) involving two C 2) ;i<j E ′ ij ) . Repeating this argument for all pairs (i, j) completes the proof.
Proof of Proposition 1.3
In this section, we show that each of the hypotheses imposed in Theorem 1.2 is necessary for the conclusion to hold. On the other hand, we notice that Arf(L n ) = 0 and Arf(L ′ n ) = 1, where Arf denotes the Arf invariant [14] . Note that a C k -move preserves the Arf invariant when k ≥ 3, since it can be achieved by a pass-move, which preserves the Arf invariant [11] . This implies that L n and L ′ n are not C k -equivalent, and hence not C (2) . We now consider the case k = 2, but without the assumption that all components are trivial. For that purpose, we first introduce an invariant of C d k -equivalence derived from the linking number in the double branched cover of S 3 branched over a knot.
. If the linking number lk(K, K i ) is even for all i(= 1, ..., m), then there is a possibly nonorientable surface F bounded by K disjoint from K 1 ∪ · · · ∪ K m . Let G α be the Goeritz matrix [2] with respect to a basis α = (a 1 , ..., a n ) of H 1 (F ), i.e., the (i, j)-entry of G α is equal to lk(a i , τ a j ), where τ a j is a 1-cycle in S 3 −F obtained by pushing off 2a j in both normal directions. Let V α (K i ) = (lk (K i , a 1 ) , ..., lk(K i , a n )). In [13] J. Przytycki and the last author define, for i, j (1 ≤ i, j ≤ m),
and λ F (K i , K j ) = 0 when F is a 2-disk. It follows directly from [13, Thm 2.3] that for the double branched cover M of S 3 branched over K and for lifts K i and K j of K i and K j respectively, we have
It follows that we have the following proposition.
We can now complete the proof of Proposition 1.3.
be links as illustrated in Figure 5 .2. Note that L and L ′ have common 2-component sublinks. Let F be a nonorientable surface, and let a 1 , a 2 be a basis of H 1 (F ) as illustrated in Figure 5 .2. Then we have λ
Appendix A. Finite type invariants of (n, k)-Brunnian links Theorem 1.1 states that a link is (n, k)-Brunnian if and only if it is C d k -equivalent to the n-component trivial link. As recalled in the introduction, the case k = n − 1, i.e. the case of Brunnian links, was shown in [5, 10] , and is a key ingredient in proving several results and Brunnian links and their finite type invariants. Using Theorem 1.1, we can easily generalize these to (n, k)-Brunnian links. We only provide statements here, since the proofs are straightforward generalizations of [5, 10, 6, 7] , and require no new idea.
In [5] , Habiro shows that for n ≥ 3, an n-component Brunnian links cannot be distinguished from the trivial link by any finite type invariant of order less than 2(n − 1). (Note that for n = 2, this does not hold since the Hopf link and the 2-component trivial link can be distinguished by the linking number, which is of order 1.) By the same arguments as those in [5, § 4], we have that if a link is C d k -equivalent to a trivial link for k ≥ 2, then these links cannot be distinguished by any finite type invariant of order less than 2k. Hence we obtain the following result.
Theorem A.1. For n > k ≥ 2, (n, k)-Brunnian links and the n-component trivial link cannot be distinguished by any finite type invariant of order less than 2k.
In [6, 7] , the study of finite type invariants of Brunnian links is continued, by expressing the restriction of an invariant of degree 2n − 1 to n-component Brunnian links as a quadratic form on the Milnor link-homotopy invariants of length n, see [9] . The arguments used in [6] (and [7] ) can be generalized in a straightforward way to (n, k)-brunnian links to prove the following. Here O denotes the n-component trivial link andμ L denotes Milnor invariants of L.
In other words, the restriction of an invariant of degree 2k + 1 to (n, k)-Brunnian links can be expressed as a quadratic form on the Milnor link-homotopy invariants of its (k + 1)-components sublinks, and, in particular, is determined by the (k + 1)-component sublinks.
Milnor invariants are useful not only for understanding finite type invariants of (n, k)-Brunnian links, but also for providing classification results. It is indeed known that n-component Brunnian links are classified up to C n -equivalence by Milnor link-homotopy invariants [10, 6] . Again, strictly similar arguments can be used to extend this classification result as follows. 
